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In this work, for an arbitrary sequence space we construct a sequence space with elements
in a sequence of real linear n-normed spaces. We investigate the space for Banach space
and study some related properties with convergence and completeness.
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1. Introduction and preliminaries
The concept of 2-normed spaces was initially developed by Gähler [1] in the middle of 1960’s, while that of n-normed
spaces can be found in [2]. Since then, many others have studied this concept and obtained various results; see for
instance [3–6].
Suppose n ∈ N and X is a real vector space of dimension d, where n ≤ d. A real-valued function ‖., . . . , .‖ on Xn satisfying
the following four conditions:
(N1) ‖x1, x2, . . . , xn‖ = 0 if and only if x1, x2, . . . , xn are linearly dependent,
(N2) ‖x1, x2, . . . , xn‖ is invariant under permutation,
(N3) ‖αx1, x2, . . . , xn‖ = |α| ‖x1, x2, . . . , xn‖, for any α ∈ R,
(N4) ‖x+ x/, x2, . . . , xn‖ ≤ ‖x, x2, . . . , xn‖ + ‖x/, x2, . . . , xn‖
is called an n-norm on X , and the pair (X , ‖., . . . , .‖) is called an n-normed space.
As an example of an n-normed space we may take X = Rn, equipped with the Euclidean n-norm ‖x1, x2, . . . , xn‖E = the
volume of the n-dimensional parallelepiped spanned by the vectors x1, x2, . . . , xn, which may be given explicitly by the
formula
‖x1, x2, . . . , xn‖E =
∣∣det (xij)∣∣ = abs

∣∣∣∣∣∣∣
x11 · · · x1n
...
. . .
...
xn1 · · · xnn
∣∣∣∣∣∣∣
 ,
where
xi = (xi1, . . . , xin) ∈ Rn for each i = 1, 2, . . . , n.
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Suppose (X , ‖., . . . , .‖) is an n-normed space of dimension d ≥ n ≥ 2 and {a1, a2, . . . , an} is a linearly independent set
in X . Then the function ‖, ., . . . , .‖∞ on Xn−1 given by
‖x1, x2, . . . , xn−1‖∞ = max{‖x1, x2, . . . , xn−1,ai‖ : i = 1, 2, . . . , n} (1.1)
defines an (n − 1) norm on X with respect to {a1, a2, . . . , an} and this is known as the derived (n − 1)-norm. (See [4] for
details.)
The standard n-norm on X , a real inner product space of dimension d ≥ n, is as follows:
‖x1, . . . , xn‖S =
∣∣∣∣∣∣∣
〈x1, x1〉 · · · 〈x1, xn〉
...
. . .
...
〈xn, x1〉 · · · 〈xn, xn〉
∣∣∣∣∣∣∣
1
2
,
where 〈., .〉 denotes the inner product on X . If X = Rn, then this n-norm is exactly the same as the Euclidean n-norm
‖x1, x2, . . . , xn‖E mentioned earlier. For n = 1, this n-norm is the usual norm ‖x1‖ = 〈x1, x1〉 12 .
A sequence (xk) in an n-normed space (X , ‖., . . . , .‖) is said to converge to some L ∈ X in the n-norm if
lim
k→∞
‖xk − L, u2, . . . , un‖ = 0, for every u2, . . . , un ∈ X .
A sequence (xk) in an n-normed space (X, ‖., . . . , .‖) is said to be Cauchywith respect to the n-norm if
lim
k,l→∞
‖xk − xl, u2, . . . , un‖ = 0, for every u2, . . . , un ∈ X .
If every Cauchy sequence in X converges to some L ∈ X , then X is said to be complete with respect to the n-norm. Any
complete n-normed space is said to be an n-Banach space.
Now we state the following results as lemmas (see for details [4]).
Lemma 1.1. Every n-normed space is an (n− r)-normed space for all r = 1, 2, . . . , n− 1. In particular, every n-normed space
is a normed space.
Lemma 1.2. A standard n-normed space is complete if and only if it is complete with respect to the usual norm ‖.‖S = 〈., .〉 12 .
Lemma 1.3. On a standard n-normed space X, the derived (n − 1)-norm ‖., . . . , .‖∞, defined with respect to the orthonormal
set { e1, e2, . . . , en }, is equivalent to the standard (n− 1)-norm ‖., . . . , .‖s. To be precise, we have
‖x1, . . . , xn−1‖∞ ≤ ‖x1, . . . , xn−1‖S ≤
√
n‖x1, . . . , xn−1‖∞
for all x1, . . . , xn−1, where ‖x1, . . . , xn−1‖∞ = max{‖x1, . . . , xn−1, ei‖s : i = 1, . . . , n}.
Let n ∈ N and X be a real vector space of dimension d, where 2 ≤ n ≤ d. Letβn−1 be the collection of linearly independent
sets Bwith n− 1 elements. For B ∈ βn−1, let us define
pB (x1) = ‖x1, x2, . . . , xn‖ , x1 ∈ X . (1.2)
Then pB is a seminorm on X and the family P = {pB : B ∈ βn−1} of seminorms generates a locally convex topology on X .
The seminorms pB have the following properties:
(i) ker (pB) = the linear span of B.
(ii) For B ∈ βn−1, y ∈ B and x ∈ X\ the linear span of B, we have
pB∪{x}\y (y) = pB(x).
Hence we have the following lemma.
Lemma 1.4. The seminorm defined by (1.2) satisfies the axiom for an n-norm.
Example 1. Consider the linear space Pm of real polynomials of degree ≤m on the interval [0, 1]. Let {xi}nmi=0 be nm + 1
arbitrary but distinct fixed points in [0, 1]. For f1, f2, . . . , fn in Pm, let us define
‖f1, f2, . . . , fn‖ = 0, if f1, f2, . . . , fn are linearly dependent,
=
nm∑
i=0
|f1 (xi) f2 (xi) . . . fn (xi)| , if f1, f2, . . . , fn are linearly independent.
Then ‖., . . . , .‖ is an n-norm on Pm.
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Proof. If f1, f2, . . . , fn are linearly dependent, then ‖f1, f2, . . . , fn‖ = 0. Conversely assume
nm∑
i=0
|f1 (xi) f2 (xi) . . . fn (xi)| = 0.
This implies that
f1 (xi) f2 (xi) . . . fn (xi) = 0 at nm+ 1 distinct points.
Since the degree of each fi ≤ m, we must have at least one fi = 0.
Thus
‖f1, f2, . . . , fn‖ = 0 if and only if f1, f2, . . . , fn are linearly dependent.
Other properties of the n-norm can be verified easily.
We now introduce the following sequence spaces with elements in a sequence of real linear n-normed spaces.
Let
(
Xk, ‖., . . . , .‖Xk
)
be a sequence of real linear n-normed spaces andw (Xk) denote the Xk-valued sequence space. Then
for a given sequence space Z , we define the following sequence space:
Z (‖., . . . , .‖) =
{
x ∈ w (Xk) :
(∥∥xk, zk1 , . . . , zkn−1∥∥Xk) ∈ Z, for every zk1 , . . . , zkn−1 ∈ X, k ∈ N} .
In the above definition of spaces, the n-norm ‖., . . . , .‖Xk on Xk is either a standard n-norm or a non-standard n-norm. In
general we write ‖., . . . , .‖Xk and for the standard case we write ‖., . . . , .‖S . For derived norms we write ‖., . . . , .‖∞. 
2. Main results
Proposition 2.1. For any sequence space Z, the space Z (‖., . . . , .‖) is a linear space.
Proof. This is a routine verification, so we omit the detail. 
Theorem 2.2. Z (‖., . . . , .‖) is a linear space normed by g (x) = f
(∥∥xk, zk1 , . . . , zkn−1∥∥Xk) , for every zk1 , . . . , zkn−1 ∈ Xk,
(k ∈ N); here Z is a linear space normed by f .
Proof. We give the proof only for the property g(x) = 0 if and only if x = θ . Proofs of the other two properties of the norm
are routine verifications.
If x = θ , then clearly g(x) = 0. Conversely let g(x) = 0. Then from the definition of g(x), we have
f
(∥∥xk, zk1 , . . . , zkn−1∥∥Xk) = 0, for every zk1 , . . . , zkn−1 ∈ Xk, k ∈ N.
This implies∥∥xk, zk1 , . . . , zkn−1∥∥Xk = 0, for every zk1 , . . . , zkn−1 ∈ Xk, k ∈ N.
Hence we must have
x = θ. 
Theorem 2.3. If Z is a linear space normed by f and Xk are the base spaces of n-Banach spaces, then the space Z (‖., . . . , .‖) is
a Banach space normed by g.
Proof. Let (xs)∞s=1 be a Cauchy sequence in Z (‖., . . . , .‖), where xs =
(
xsi
)∞
i=1 for each s ∈ N . We have for a given ε > 0 that
there exists an η ∈ N such that
g
(
xs − xt) < ε, for all s, t ≥ η.
This implies, for every zk1 , . . . , zkn−1 ∈ Xk,
f
(∥∥xsk − xtk, zk1 , . . . , zkn−1∥∥Xk) < ε, for all s, t ≥ η.
Hence we must have
lim
s,t→∞
∥∥xsk − xtk, zk1 , . . . , zkn−1∥∥Xk = 0, for every zk1 , . . . , zkn−1 ∈ Xk.
This implies that
(
xsk
)
is a Cauchy sequence in Xk, which is complete with respect to ‖., . . . , .‖Xk .
Hence
(
xsk
)
converges for each k ∈ N . Let lims→∞ xsk = xk for each k ∈ N .
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Now we have, for all s, t ≥ η,
f
(∥∥xsk − xtk, zk1 , . . . , zkn−1∥∥Xk) < ε.
This implies
lim
t→∞
{
f
(∥∥xsk − xtk, zk1 , . . . , zkn−1∥∥Xk)} < ε, for all s ≥ η.
Using the continuity of the n-norm, we have
f
(∥∥∥xsk − limt→∞ xtk, zk1 , . . . , zkn−1∥∥∥Xk
)
< ε, for all s ≥ η.
Hence
f
(∥∥xsk − xk, z1, . . . , zn−1∥∥X) < ε, for all s ≥ η
Thus (xs − x) ∈ Z (‖., . . . , .‖). Since Z (‖., . . . , .‖) is a linear space, we have, for all s ≥ η,
x = xs − (xs − x) ∈ Z (‖., . . . , .‖) .
Hence Z (‖., . . . , .‖) is complete and hence a Banach space.
In view of Lemma 1.2, we have the following corollary. 
Corollary 2.4. Let Z be a linear space normed by f and the base spaces Xk be equipped with the standard n-norm. If each Xk is a
Banach space, then the space Z (‖., . . . , .‖) is a Banach space normed by g.
Let {ak1 , ak2 , . . . , akn} be a linearly independent set in Xk. Then by (1.1),‖xk, zk1 , . . . , zkn−r−1‖∞ = max{‖xk, zk1 , . . . , zkn−r−1 ,
aik1 , . . . ., aikr ‖Xk}, {ik1 , . . . , ikr } ⊆ {1, . . . , n} is an derived (n− r)-norm on Xk for each k ≥ 1 and for all r = 1, 2, . . . , n− 1.
Now we give the following two theorems without proof.
Theorem 2.5. If
{
ak1 , ak2 , . . . , akn
}
is a linearly independent set in Xk, then Z (‖., . . . , .‖) is a linear space normed by gr (x) =
f
(∥∥xk, zk1 , . . . , zkn−r−1∥∥∞) , for every zk1 , . . . , zkn−r−1 ∈ Xk, (k ∈ N) and for each r ∈ {1, 2, . . . , n− 1}; here Z is a linear space
normed by f .
Theorem 2.6. If Z is a linear space normed by f and Xk are the base spaces of (n − r)-Banach spaces, for each k ∈ N, then the
space Z (‖., . . . , .‖) is a Banach space normed by gr , for each r ∈ {1, 2, . . . , n− 1}.
Theorem 2.7. If (xi) converges to a point in the space Z (‖., . . . , .‖) with respect to the norm g, then (xi) also converges to the
same point in the space Z (‖., . . . , .‖) with respect to the norm g1; here
g1 (x) = f
(∥∥xk, zk1 , . . . , zkn∥∥∞) , for every zk1 , . . . , zkn ∈ Xk, (k ∈ N) .
Proof. Let (xi) be converging to x in Z (‖., . . . , .‖)with respect to the norm g . Then
g
(
xi − x)→ 0, as i→∞.
Using the definition of the norm, we get, for every zk1 , . . . , zkn−1 ∈ Xk, k ∈ N ,
f
(∥∥xik − xk, zk1 , . . . , zkn−1∥∥Xk)→ 0 as i→∞.
Hence for any linearly independent set
{
ak1 , ak2 , . . . , akn
}
in Xk, we have
f
(∥∥xik − xk, zk1 , . . . , zkn−2 , akj∥∥Xk)→ 0 as i→∞ and for each j = 1, . . . , n.
Hence we have
f
(∥∥xik − xk, zk1 , . . . , zkn−2∥∥∞)→ 0 as i→∞.
Thus
g1
(
xi − x)→ 0 as i→∞.
Hence (xi) converges to xwith respect to the norm g1.
For the following results, let Xk be equippedwith the standard n-norm and the derived (n−1)-norm on Xk bewith respect
to an orthonormal set. Also let the norm f on Z be monotonic increasing. 
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Theorem 2.8. If Xk is a standard n-normed space and the derived (n− 1)-norm on Xk is with respect to an orthonormal set, then
(xi) converges to a point in the space Z (‖., . . . , .‖) with respect to the norm g if and only if (xi) also converges to the same point
in the space Z (‖., . . . , .‖) with respect to the norm g1.
Proof. In view of the above theorem, it is sufficient to prove that the convergence of (xi) to x with respect to the norm g1
implies the convergence of (xi) to xwith respect to the norm g .
Let (xi) converge to x in Z (‖., . . . , .‖)with respect to the norm g1. Then
g1
(
xi − x)→ 0 as i→∞.
Using the definition of g1, we have
f
(∥∥xik − xk, zk1 , . . . , zkn−2∥∥∞)→ 0 as i→∞.
Now one can observe that∥∥xik − xk, zk1 , . . . , zkn−1∥∥S ≤ ∥∥xik − xk, zk1 , . . . , zkn−2∥∥S ∥∥zkn−1∥∥S ,
where ‖., . . ., .‖S and ‖.‖S on the right hand side denote the standard (n− 1)-norm and the usual norm on Xk respectively.
Since the derived (n− 1)-norm on Xk is with respect to an orthonormal set, using Lemma 1.3, we have∥∥xik − xk, zk1 , . . . , zkn−1∥∥S ≤ √n ∥∥xik − xk, zk1 , . . . , zkn−2∥∥∞ ∥∥zkn−1∥∥S
and in this case ‖., . . . , .‖∞ on the right hand side is the derived (n− 1)-norm which we used to define the norm g1;
f
(∥∥xik − xk, zk1 , . . . , zkn−1∥∥S) ≤ f (√n ∥∥xik − xk, zk1 , . . . , zkn−2∥∥∞ ∥∥zkn−1∥∥S) .
Thus
f
(∥∥xik − xk, zk1 , . . . , zkn−1∥∥S)→ 0 as i→∞.
Hence
g
(
xi − x)→ 0 as i→∞.
That is (xi) converges to x in Z (‖., . . . , .‖)with respect to the norm g .
Using Lemma 1.3, we get the following corollary. 
Corollary 2.9. If Xk is a standard n-normed space and the derived (n − r)-norms on Xk are with respect to an orthonormal set,
then a sequence in Z (‖., . . . , .‖) is convergent with respect to the norm g if and only if it is convergent with respect to the norm
g1 and, by induction, with respect to the norm gr , for all r ∈ {1, 2, . . . , n − 1}. In particular, a sequence in Z (‖., . . . , .‖) is
convergent with respect to the norm g if and only if it is convergent with respect to the norm gn−1.
Theorem 2.10. If Xk is a standard n-normed space and the derived (n− r)-norms on Xk are with respect to an orthonormal set
for all r ∈ {1, 2, . . . , n− 1}, then Z (‖., . . . , .‖) is complete with respect to the norm g if and only if it is complete with respect
to the norm g1. By induction, Z (‖., . . . , .‖) is complete with respect to the norm g if and only if it is complete with respect to the
norm gn−1.
Proof. By replacing the phrases ‘(xi) converges to x’ with ‘(xi) is Cauchy’ and ‘xi − x’ with ‘xi − xj’ we see that the analogues
of Theorems 2.7 and 2.8 and Corollary 2.9 hold for Cauchy sequences. This completes the proof. 
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